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Abstract 

We study the deformations of an asymptotically cylindrical Cayley 
submanifold inside an asymptotically cylindrical Spin(7)-manifold. We 
prove an index formula for the operator of Dirac type that arises as the lin¬ 
earisation of the deformation map and show that if the Spin(7)-structure 
is generic, then there are no obstructions, and hence the moduli space 
is a smooth finite-dimensional manifold whose dimension is equal to the 
index of the operator of Dirac type. We further construct examples of 
asymptotically cylindrical Cayley submanifolds inside the asymptotically 
cylindrical Riemannian 8-manifolds with holonomy Spin(7) constructed 
by Kovalev. 


1 Introduction 

Cayley submanifolds of K® were introduced by Harvey and Lawson [HL82] as 
an instance of calibrated submanifolds, extending the volume-minimising prop¬ 
erties of complex submanifolds in Kahler manifolds. Other classes of calibrated 
submanifolds given in [HL82] are the special Lagrangian submanifolds of C" 
and the associative and coassociative submanifolds of More generally, Cay¬ 
ley submanifolds are 4-dimensional submanifolds which may be defined in an 
8-manifold M equipped with a certain differential 4-form <P invariant at each 
point under the spin representation of Spin (7). The latter representation iden¬ 
tifies Spin(7) as a subgroup of SO(8), and a Spin(7)-structure determined by ^ 
induces a Riemannian metric and orientation on M. See Section 2.1 for details. 

Calibrated submanifolds often arise in Riemannian manifolds with reduced 
holonomy. In particular, Cayley submanifolds in an 8-manifold are calibrated 
and minimal whenever the respective “Spin(7)-structure” (P is closed. In that 
case, the holonomy of the Riemannian metric induced by reduces to a sub¬ 
group of Spin(7); in particular, the metric then is Ricci-flat. The first examples 
of closed Riemannian 8-manifolds with holonomy Spin(7) were constructed by 
Joyce [Joy96]. He also provided examples of closed Cayley submanifolds inside 
these manifolds [JoyOO]. 
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McLean [McL98] studied the deformations of closed calibrated submanifolds 
for the calibrations introduced in [HL82]. He showed, among other results, that 
the deformation problem in each case is elliptic or overdetermined elliptic and 
described the respective finite-dimensional Zariski tangent spaces. In the case 
of closed Cayley submanifolds, the deformations may in general be obstructed, 
and the Zariski tangent space can be given in terms of harmonic spinors of a 
certain twisted Dirac operator. 

Later, other authors extended McLean’s results to larger classes of submani¬ 
folds, including, in the special Lagrangian and coassociative cases, asymptot¬ 
ically cylindrical submanifolds. See, respectively, Joyce and Salur [JS05] and 
Salur and Todd [STIO]. The corresponding moduli spaces of deformations were 
shown to be finite-dimensional smooth manifolds. 

In this article, we study the deformations of asymptotically cylindrical Cay¬ 
ley submanifolds. The first examples of asymptotically cylindrical Rieman- 
nian 8-manifolds with holonomy Spin(7) were constructed by Kovalev [Kovl3]. 
Among other results, we will construct examples of asymptotically cylindrical 
Cayley submanifolds inside these Spin(7)-manifolds (see Section 5). These Cay¬ 
ley submanifolds are constructed as the fixed-point set of an involution that 
preserves the Spin(7)-structure (using a result of Joyce [JoyOO]). 

We further show that if the asymptotically cylindrical Spin(7)-structure is 
generic, then asymptotically cylindrical Cayley submanifolds form a smooth 
finite-dimensional moduli space (see Section 4). The dimension of the moduli 
space under such a genericity assumption is equal to the index of a certain 
operator of Dirac type. In Section 3, we prove an index formula for this op¬ 
erator using the Atiyah-Patodi-Singer Index Theorem (Theorem 15). We also 
prove an alternative index formula that involves the spectral flow between two 
operators (Proposition 19). 

The cross-section at infinity of the examples of asymptotically cylindrical 
Cayley submanifolds inside the Spin(7)-manifolds of [Kovl3] which we construct 
in Section 5 have certain properties that help to simplify the general index 
formula. In Section 3.5, we prove simplified index formulae (which only involve 
topological quantities) under such special assumptions. 

If the holonomy group of the ambient 8-manifold is a proper subgroup 
of Spin(7), then examples of asymptotically cylindrical Cayley submanifolds 
can be constructed from submanifolds that are calibrated with respect to an¬ 
other calibration. In Section 6, we investigate the deformations of such Cayley 
submanifolds. In particular, we show that any deformation of such a Cayley 
submanifold as a Cayley submanifold must again be of that form. We further 
simplify the index formulae in these cases. 

Acknowledgements. I am grateful to my Ph.D. supervisor, Alexei Kovalev, 
for his support and guidance. 
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2 Preliminaries 


We begin by reviewing Spin(7)-structures on 8 -manifolds and asymptotically 
cylindrical Riemannian manifolds. We also review the Atiyah-Patodi-Singer 
Index Theorem and the relative Euler class, which we will use in the index for¬ 
mulae. We finish this section by proving an extension of Harvey and Lawson’s 
[HL82] volume-minimising property of calibrated submanifolds to asymptotic¬ 
ally cylindrical calibrated submanifolds. 

2.1 Spin(7)-Structures 

Here we recall some basic facts about Spin(7)-structures on 8 -manifolds and 
Cayley submanifolds (see, for example, [HL82], [JoyOO]). 

Let (xi,..., xs) be coordinates on R®, and write dxi,,,j for dxi A • • • A dxj. 
Define a 4-form on R® by 


<Po ■= d£Ci234 + (da;i 2 - d£C34) A (dajse - dicys) 

-I- (da;i3 -I- da:24) A (diCsy -|- da^es) (1) 

-I- (da;i4 - d£C23) A (diCss - da^e?) + da^sers • 

The subgroup of GL( 8 ,R) preserving <?o is isomorphic to Spin(7), viewed as a 
subgroup of SO( 8 ). Note that is self-dual. 

Let M be an 8 -manifold. Suppose that there is a 4-form (p on M such that for 
each X & M there is a linear isomorphism T^M —> R® with {ix)*{'^o) = '^x 
(in a neighbourhood of each point, this can be chosen to depend smoothly on x). 
Then induces a Spin(7)-structure on M. Conversely, if M has a Spin(7)-struc- 
ture, then there is such a 4-form <P. Via such an identification ix : TxM —>■ R® 
of <l>x with the metric go of R® induces a metric {ix)*igo) on TxM. Since 
Spin(7) C SO( 8 ), this metric is independent of the chosen identification, and 
we get a well-defined Riemannian metric g = g{'T) and orientation on M. By 
abuse of notation, we will refer to the 4-form ^ as a Spin(7)-structure. The 
Spin(7)-structure is called torsion-free if V<P = 0, where V is the Levi-Civita 
connection of {M,g). This is equivalent to d^ = 0 [Fer 86 , Theorem 5.3]. 

If M is an 8 -manifold, then there exists a Spin(7)-structure on M if and only 
if M is orientable and spin and 

Pi(M)2-4p2(M)+8x(M)=0 ( 2 ) 

for some orientation of M [LM89, Theorem 10.7 in Chapter IV], where Pi{M) 
is the i-th Pontryagin class and x(M) is the Euler characteristic of M. 

Now let M be an 8 -manifold with a Spin(7)-structure Then we have 
pointwise orthogonal splittings ]Fer 86 , Lemmas 3.1 and 3.3] 

A^M = A 7 M © An, M and 

(3) 

A'^M = A*M ® A 7 M © A 27 M © AggM . 
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Here A^M := ApT*M, and A^M corresponds to an irreducible representation 
of Spin(7) of dimension £. Furthermore, M possesses a 2-fold cross product 
TM X TM A^M, 

V X w := 2tty(v^ A w'') = Aw*’ — *(u*’ A w*’ A <l>)) (4) 

and a 3-fold cross product TM x TM x TM TM, 

u X V X w '■= {u j (v j (w J <?)))#. (5) 

They satisfy |u x w| = |u A w|, |u x u x w| = |u A u A w|, and 

h{a X b,c X d) = —<?(a, b, c, d) + g{a, c)g{b, d) — g{a, d)g{b, c), (6) 

where h is the induced metric on AyM. There is also a vector-valued 4-form 
r e AyM) (also called the 4-fold cross product), 

T(a, b,c,d) := —a X (b X c X d) + g(a, b)(c x d)+g(a, c)(d x b) + g(a, d){b x c), (7) 

which satisfies 


h(T, V X w) = nx A {v — v" A {w . 


( 8 ) 


This formula can be checked by using the invariance properties of the cross 
products and checking it for u = ei, w = 62 , where (ei,..., es) is a Spin(7)-frame 
(see below for the definition). Note that 


n}' A {v jP) — A [w jP) G AyM, 


(9) 


which follows from [Bry87, page 548]. 

Let X G M, and let (ei,..., eg) be a basis of T^M. We call (ei,..., eg) a 
Spin(7)-/rame if 


.,1234 
„2358 


gl256 _ gl278 _|_ gl357 _|_ gl368 


, gl458 _ gl467 


■ 6^367 + e2457 , 


g2468 _ g3456 


„3478 


„5678 


( 10 ) 


P = e 

— e“ 

where is the dual coframe. Note that if (ei,...,e 8 ) is a Spin(7)- 

frame, then it is an orthonormal frame since Spin(7) C SO( 8 ). Furthermore, 
Ci X Cj = ±efe X ei if and only if P{ei,ej,ek,ei) = =Fl for G {1,...,8} 

different by ( 6 ). So (10) shows that 


ei X 65 = 62 X eg = 63 X 67 = 64 X eg, 

ei X eg = —e2 x eg = eg x eg = —64 x ey , 

ei X ey = —e2 x eg = —eg x eg = 64 x eg , 

ei X eg = e2 X ey = —eg x eg = —e4 x eg . 


( 11 ) 


If ei, e2, eg G T^M are orthogonal unit vectors and eg G T^M is a unit vector 
that is orthogonal to ei, e 2 , 63 , ei x e 2 x eg, then there are (uniquely determined) 
e4, eg, ey, eg G T^M such that (ei,..., eg) is a Spin(7)-frame, namely e4 = — ei x 
e2 X e3, eg = — ei x e2 x eg, ey = — ei x eg x eg, and eg = e2 x eg x eg. 
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We have (l>x\v < voly for all x € M and every oriented 4-dimensional 
subspace V of T^M, where voly is the volume form (induced by the metric g and 
the orientation on and ^ voly means that ^PxW = Avoly with A < 1. 
An orientable 4-dimensional submanifold AT of M is called Cayley if = volx 
for some orientation of X. This is equivalent to t\x = 0 [HL82, Corollary 1.29 
in Chapter IV]. If the Spin(7)-structure <P is torsion-free, then is a calibration 
on M, and Cayley submanifolds are minimal submanifolds [HL82, Theorem 4.2 
in Chapter II]. 

Now suppose that AT is a Cayley submanifold of M. Then A^X is isomorphic 


to a subbundle of AyMjx [McL98, Section 6 ] via the embedding 

A‘^_X^A^M\x, a 2 x 7 ( 0 ) = A <!>)), (12) 

where we extend a € A^_X to A^M\x by j a = 0 for all v € i'mX. Let E 
denote the orthogonal complement of A^AT in AyMjx- So 

A^Mjx = A?.V © L; , (13) 

and E has rank 4. Furthermore, 

E = {a € AyAfjx : oJtx = 0} ■ (14) 

The cross products restrict to 

TXxTX ^ A^_X , TX X vmX E , vmX x vmX A?. AT (15) 

and 

TX xTX xTX ^TX , TXxTX x vmX vmX , 

(16) 

TX X VmX X VmX TX , vmX x vmX x vmX —>■ vmX . 

2.2 Asymptotically Cylindrical Manifolds 


Here we give the definition of asymptotically cylindrical manifolds and present 
the Fredholm theory of asymptotically cylindrical linear elliptic operators, taken 
from [LM85]. 

Definition 1. Let {M,g) be a complete Riemannian manifold. Then {M,g) is 
called asymptotically cylindrical if there are a compact subset K C M, a closed 
Riemannian manifold {N,h), and a diffeomorphism T: (0, 00 ) x N M\K 
such that 

|V^(<F*(ff) - 5oo)| = 0(e-^‘) for all fc € N 

for some <5 > 0, where t denotes the projection onto the (0, oo)-factor and Voo 
is the Levi-Civita connection of (0, 00 ) x N with respect to the product metric 
goo = CC + h. 

A submanifold V of M is called asymptotically cylindrical if (AT,gjx) is 
complete and there are a compact subset K' C X, a, closed submanifold Y 


5 



of N, and a section v of the normal bundle of {R, oo) x F in {R, oo) x N (for 
some R> 0) with 

iV^ul = Oie-^'*) for all A: € N 
for some 5' > 0 such that 

{R,oo) xY ^ M , {t,x) i-> !f(exp(i_^)(u(t,a:))) 

is a diffeomorphism onto X \K', where exp is the exponential map with respect 
to the metric goo- 

Theorem 2 ([LM85, Theorem 6.2]). Let {M,g) be an asymptotically cylindrical 
manifold, and let P: T{E) —> L{F) be an asymptotically cylindrical linear ellip¬ 
tic differential operator of order k that is asymptotic to the translation-invariant 
operator Poo : r(£;oo) -S' r(Foo). 

Then P extends to a bounded linear map —>■ C^’“(F) for all 

£ G N, a G (0,1), and A G K. For A G K, let dp{X) be the complex dimension 
of the space spanned by the solutions s G r(i?oo) of Poo s = 0 on the cylinder 
R X TV such that is polynomial in t for some 7 G R, and let 

Vp := {XeR: dp{X) ^0} . (17) 

Then Dp is a discrete set such that P^’“: C^~'’^’“(P) —>■ C^’“(P) is Fredholm if 
and only if X ^ Dp. For X G R\Pp, let ind^ P := ind P^’“, which is independent 
of £ and a and hence well-defined. Then 

indAP-ind5P= ^ dp(7) (18) 

7G'Dp 

A<7<(5 


for all X,6 €R \ Vp with X < S. 

Lemma 3. Let M be an asymptotically cylindrical manifold, and letP: T(E) 
r(P) and Q: T{E) T{E) be asymptotically cylindrical linear elliptic differ¬ 
ential operators of the same order. If P and Q have the same symbol and are 
asymptotic to the same translation-invariant operator, then ind^ P = ind^ Q for 
all X (f TXp = TXq. 


2.3 Atiyah—Patodi—Singer Index Theorem 

The main tool to compute the index of the operator of Dirac type that arises as 
the linearisation of the deformation map will be the Atiyah-Patodi-Singer Index 
Theorem [APS75a]. Here we recall the Atiyah-Patodi-Singer Index Theorem 
and also the signature theorem for asymptotically cylindrical manifolds. 

Definition 4 ([APS75a]). Let M be an odd-dimensional closed manifold, and 
let P: r(P) —>■ r(P) be a first-order linear elliptic differential operator. Define 

?7P(^) := 5I(®SnA)|Ar^ (19) 

\^o 
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for 2 : € C with Re 2 large, where A runs over all eigenvalues of P (counted with 
multiplicity). This function has a meromorphic extension to C, and 2 ; = 0 is 
not a pole. The ij-invariant of P is defined by rj^P) := ??p(0). 

Theorem 5 (Atiyah-Patodi-Singer Index Theorem [APS75a, (4-3)] (see also 
[Mel93, Theorem 9.1])). Let M he an n-dimensional asymptotically cylindrical 
manifold with cross-section N, let S+ ® F and E>~ <S> F be positive and negative 
(twisted) spinor bundles, respectively, and let D : r(S“'' (g) F) —>■ r(§“ (g F) be 
the positive (twisted) Dirac operator. Then 

ind> D = f [MM) ch(F)),. - + , , 20 ) 

J M ^ 

where \ > 0 is such that (0, A] H Fp = 0. Here D : r((§+ ^ F)\n) r((S“'' (g 

F)|Ar) is defined by the equation 

Ds = u ■ (V„s + Ds) 

for all s € r(S“'' (g F), where u '■= —and ri{D) is the rj-invariant of D. 

Note that the index of a negative (twisted) Dirac operator D: r(§“ (gF) — >■ 
r(S“'" ig F) is therefore given by 

i„d. D = - / (i(M) ch(F))„ - 

where D: r((§“ (gF)|Ar) —>■ r((S“ ® F)|Ar) is defined by the equation 

Ds = —u ■ {—S/uS + Ds). 

Theorem 6 ([APS75a, Theorem (4-14)] (see also [Mel93, Theorem 9.4])). Let 
M he an n-dimensional asymptotically cylindrical manifold with cross-section N. 
Suppose that n = Ak. Then 

a{M)= f Lk{p)-viBn, ( 22 ) 

Jm 

where 

(i) a{M) is the signature of M (the signature of the non-degenerate quadratic 
form induced by the cup-product on the image of Hf^{M) in H‘^^{M)), 
(a) Lk{p) is the k-th Hirzebruch L-polynomial in the Pontryagin forms, and 
(Hi) F®'': —>• fl^^{N) is defined by 

:= {-l)'^+P{*d-d*)ip 

for Lp £ DfP{N). 

Note that this is the negative of F®'' in [APS75a] since we use the opposite 
orientation on N. 

Lemma 7. Let M be an oriented, odd-dimensional Riemannian manifold, and 
let F®'': 0®''(M) —)■ 0®''(M) be defined as in (iii) of Theorem 6. Suppose that 
M has an orientation-reversing isometry. Then ri{B'^^) = 0. 

This happens, in particular, if M = x iV for some oriented Riemannian 
manifold N. 
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2.4 Relative Euler Class and Generalised Gauss—Bonnet— 
Chern Theorem 

In the index formulae that we prove, we will use the relative Euler class. Here 
we define the relative Euler class and present the general Gauss-Bonnet-Chern 
Theorem for the computation of the relative Euler class (see [Sha73]). 

Definition 8 . Let M be a manifold, let fV be a submanifold of M, let E be an 
oriented vector bundle over M of rank n, and let s G r(i?| 7 v) be a non-vanishing 
section of E over N. The relative Euler class e{E, s) G H^{M, N) is defined as 
follows. Let Eq C E he the complement of the zero section, let S := s{N) (note 
that S C Eq since s is non-vanishing), and let u € H^{E, Eq) be the orientation 
class. Furthermore, let p: {E,S) -G {M,N) denote the projection (note that p 
is a homotopy equivalence), and let i: {E,S) -G {E,Eq) denote the inclusion. 
Then e{E,s) := {p*)~^i*u. 

If M is a connected, oriented, n-dimensional asymptotically cylindrical mani¬ 
fold with cross-section N, E is an oriented vector bundle of rank n over M, and 
s G r(i?| 7 v) is a non-vanishing section, then E['^{M, N) = Z, and we can inter¬ 
pret the relative Euler class e{E, s) as an integer. 

Theorem 9 (“Generalised Gauss-Bonnet-Chern Theorem” (cf. [Sha73, §3])). 
Let M be a connected, oriented, n-dimensional asymptotically cylindrical mani¬ 
fold with cross-section N, let E be an oriented, asymptotically cylindrical vector 
bundle over M of rank n, let V be an asymptotically cylindrical metric con¬ 
nection on E, and let s G r(i?|jv) be a non-vanishing section with point-wise 
norm 1. Suppose that n = 2k is even. Then 

e{E,s)= [ ^Pf(Fv)+ / e(FvU,Vs), (23) 

Jm (27r)'= Jn 

where Fv G 0^(M, End(F)) is the curvature ofV, Pf denotes the Pfajfian on 
End(F), and ©(FvIat, Vs) G H"“^(iV) is a differential form that 
(i) depends only on FvIat G End(F|Ar)) and Vs G E\n), 

(a) satisfies 6>(Fv|Ar, Vs) = 0 if Vs = 0, and 

(Hi) satisfies 0(Fv|iv,Vs) = 0 if v j Fy = 0 and VyS = 0 for some non¬ 
vanishing v G r(TiV). 

Proof. A proof of an analogous statement for compact manifolds with boundary 
works almost literally like in [Sha73], except that we use s instead of the exterior 
normal vector field. The version for asymptotically cylindrical manifolds can 
then be deduced by going to the limit t —>■ oo. □ 

2.5 Volume Minimising Property 

Harvey and Lawson [HL82] proved that closed calibrated submanifolds are 
volume-minimising in their homology class. In fact, they proved this for com¬ 
pactly supported deformations. Here we present an extension of this property 



to asymptotically cylindrical calibrated submanifolds, which we will apply in 
Section 6. 

Proposition 10 (cf. [HL82, Theorem 4.2 in Chapter II]). Let M be an asymp¬ 
totically cylindrical manifold with cross-section N, let ip G 12 " (M) be an asymp¬ 
totically cylindrical calibration on M, let X he an asymptotically cylindrical cal¬ 
ibrated submanifold of M, and let Y be an asymptotically cylindrical, oriented, 
n-dimensional submanifold of M with the same asymptotie limit as X which 
lies in the same relative homology class as X in Hn {M, N). Furthermore, fix a 
diffeomorphism M \ K = {0, oo) x N as in Definition 1, where K is a compact 
subset of M, and let t denote the projection onto the {0,oo)-factor. 

Then 


lim (vol({j/ GY ■. t <T}) — vol({x G X : t < T})) > 0 , (24) 

T^oo ' ' 

and equality holds if and only if Y is calibrated. 

Proof. Let T > 0 be large enough, and let Xt := {x G X: t < T} and Yt := 
{y G Y: t < T}. Since X and Y lie in the same relative homology class in 
Hn{M, N), there are an (n + l)-chain St in M and an n-chain Zt in N such 
that Yt — Xt = OSt + Zt. So 



by Stokes’ Theorem since dp = 0 as (/? is a calibration. Furthermore, 


lim / p = 0 

T->oo 


since X and Y have the same asymptotic limit. Hence 


lim (voUXt) — vo1(1t)) = lim / volv — / volv 

Jxt ) 


> lim 
T —¥oo 


/ Ypp 


p ■ 


f X'l' 




= lim 
T —¥00 


p = 0 


Zx 


since (/? is a calibration and X is calibrated. Equality holds if and only if 
p\y = voly, that is, if and only if Y is calibrated. □ 


3 Index Formula 

In this section, we derive various formulae for the index of the operator of Dirac 
type that arises as the linearisation of the deformation map under general and 
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special assumptions. We start with the deformation map and its linearisation in 
Section 3.1, which is mostly drawn from McLean [McL98]. Then we present a 
proof of the index formula for closed Cayley submanifolds in Section 3.2, which 
we then generalise to the asymptotically cylindrical case in Section 3.3. The 
formula we get (see Theorem 15) involves the vy-invariants of two operators. In 
Section 3.4, we investigate the relation between these two operators, resulting 
in an alternative index formula involving the spectral flow (see Proposition 19). 
We finish this section by deriving simplified formulae under special assumptions 
on the cross-section at infinity. 

3.1 Deformation Map 

Here we present the basic setup, that is, the deformation map and its linearisa¬ 
tion. For more details, see [McL98]. 

Lemma 11. Let {M,g) be an asymptotieally cylindrical manifold with cross- 
section N, and let X be an asymptotically cylindrical submanifold of M with 
cross-section Y. Then there are tubular neighbourhoods U C vmX and V C 
vjs[Y of the 0-sections with (!f'|(_R,oo)xAf)~^(C^) = {R,oo) x V for some R > 0, 
where T: (0, oo) x N ^ M is as in Definition 1, such that the exponential 
map (with respect to the metric g) defines an isomorphism from U to an open 
neighbourhood of X in M. 

So any submanifold that is C^-close to X can be parametrised by a section of 
the normal bundle with small C^-norm. Furthermore, that submanifold is 
asymptotically cylindrical if and only if the corresponding section of the normal 
bundle decays to 0 at an exponential rate. 

With this preparation, we can define the deformation map as in [McL98, 
Section 6], 

F:Tx{U) ^Tx{E), s 7r£;((expJ*(r)), 

where U C i>mX is an appropriate tubular neighbourhood of the 0-section. As 
in [McL98] we get (dF)o(s) = Ds, where D: T{h'MX) —>■ r(i?) is defined in the 
next theorem. 

Theorem 12 (cf. [McL98, Theorem 6-3]). Let M be an asymptotically cyl¬ 
indrical 8-manifold with an asymptotically cylindrical 8ipva{7)-structure asymp¬ 
totic to (0,oo) X N, where N is a 7-manifold with a G 2 -structure, let X be an 
asymptotically cylindrical Cayley submanifold of M asymptotic to (0,oo) x Y, 
where Y is a closed associative submanifold of N, and let D : T{vmX) —>■ r(i?) 
be defined by 

4 8 

Ds := ^ Ci X V^.s -I- ^(Vs^)(ei, 62 , 63 , e 4 ){ei x Ci), (25) 

i—1 *—5 

where E is a vector bundle of rank 4 over X as defined in (14), (ei)i=i ^,,,4 is 
any positive local orthonormal frame of X, (ei)i= 5^,,,^8 is any local orthonormal 
frame of I'mX, and is the induced connection on vmX. 
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Then the Zariski tangent space to the moduli space of all local deformations 
of X as a Cayley submanifold of M can be identified with the kernel of the 
operator D: T{vmX) TiE), 

Proposition 13. Let M be an asymptotically cylindrical 8-manifold with an 
asymptotically cylindrical 8ip\a{7)-structure asymptotic to ( 0 , 00 ) x N, where N 
is a 7-manifold with a G 2 -structure, let X be an asymptotically cylindrical Cay¬ 
ley submanifold of M asymptotic to ( 0 , 00 ) x Y, where Y is a closed associative 
submanifold of N, and let 0 < a < 1. 

If the operator D\: (vmX) C“(i?) defined in (25) is surjective, then 

the moduli space of all smooth Cayley submanifolds of M that are -close 
to X is a smooth manifold of dimension dimkerUA = indA D. 

3.2 Index Formula for Closed Cayley Submanifolds 

Here we present a proof of the index formula in the case of closed Cayley sub¬ 
manifolds, which forms the basis for the proof of the more general index formula 
for asymptotically cylindrical Cayley submanifolds in the next section. 

Proposition 14. Let M be an 8-manifold with a Spi'a(J)-structure, let X be 
a closed Cayley submanifold of M, and let D : T^vmX) —>■ r(i?) be defined as 
in (25). Then 

ind D = lx(X) -\a{X)- [X] • [X], (26) 

where x(X) is the Euler characteristic, a{X) is the signature, and [X] • [X] is 
the self-intersection number of X. 

Proof. We first recall some facts from [McL98, Section 6]. Suppose that X has 
a spin structure, and let §+ and S“ denote the positive and negative spinor 
bundles, respectively (note that both bundles are quaternionic line bundles). 
Then there is a quaternionic line bundle F over X such that 

(ZirC = S~^cF and E ^rC = F . (27) 

If the Spin(7)-structure is torsion-free, then D can be identified with a negative 
twisted Dirac operator [McL98, Theorem 6-3], that is, the negative Dirac op¬ 
erator associated to the bundle § Cic F with the tensor product connection. If 
the Spin(7)-structure is not torsion-free, then D may not be a negative twisted 
Dirac operator but the symbol of D is still the same as the symbol of a negative 
twisted Dirac operator, and the index of an elliptic operator depends only on 
the symbol of the operator. 

The Atiyah-Singer Index Theorem yields 

indD = - / (A(X)ch(P))4, (28) 

Jx 

where A{X) is the total A-class 

A{X) = l-^p,{X) (29) 
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and ch(i^) is the Chern character 


ch{F) = 2 + ci(F) + i(ci(i^)2 - 2 c2(F)) . (30) 

Here Pi{X) is the first Pontryagin class of X and Ci{F) is the i-th Chern class 
of F. Note that ci{F) = 0 since F has a quaternionic structure. Hence 

-{A{X)ch{F)), = ^p^iX) + C2iF). (31) 

Now (27) implies that 

— Pi{vmX) = C2{h'MX = 2 c2{S ) + 2c2{F) (32) 

since ch(§“ (g)c F) = ch(§“) ch(P') and ci{vmX Cir C) = ci(S“) = ci{F) = 0. 
We further have 

C2(S-) = ie(X)-ipi(X), (33) 

where e{X) is the Euler class of X. Combining (28), (31), (32), and (33) yields 

[ pi(X)-i f e(X) - i f pi{vmX) . (34) 

J X J X J X 

This formula is valid even when X does not have a spin structure. 

The definition (1) of the Spin(7)-form on K.® shows that the interior 
product with the Spin(7)-form <1> gives an isomorphism 

hAvMX^Kl_T*X. (35) 

So 

pAvmX) - 2e{vMX) = pi{KIvmX) = pi{AlT*X) =pi(X) - 2 e(X). ( 36 ) 

Hence 

indD = i f e(X) - i / Pi{X) - j e{vMX). ( 37 ) 

J X 'J X J X 

Now (26) follows from this formula using the generalised Gaufi-Bonnet Theorem 

[ eiX)=xiX), (38) 

Jx 

the Hirzebruch Signature Theorem 

i^Pi(X)=a(X), (39) 

and the relation 

f e{vMX) = [X] • [X] (40) 

Jx 

between the Euler class of the normal bundle and the self-intersection number. 

□ 
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3.3 Index Formula for Asymptotically Cylindrical Cayley 
Submanifolds 


Here we prove a general index formula containing ry-invariants. 

Theorem 15. Let M he an asymptotically cylindrical manifold with an asymp¬ 
totically cylindrical Sp>Yn{7)-structure asymptotic to (0,oo) x N, where N is a 
7-manifold with torsion-free G 2 -structure, let X be an asymptotically cylindrical 
Cayley submanifold asymptotic to (0, oo) x Y, where Y is a closed associative 
submanifold of N, and let D : T{vmX) —>■ r(i?) be defined as in (25). Then 


indxD=^xiX)-^a{X)- f e{vMX) 


dimkerZ) v{D) — 


(41) 


where X > 0 is such that [—A, 0) contains no eigenvalue of D. Here 
(i) x(X) is the Euler characteristic of X, 

(a) cr{X) is the signature of X (the signature of the non-degenerate quadratic 
form induced by the cup-product on the image of H(g{X) in H'^{X)), 

(Hi) e{vMX) is the Euler density, 

(iv) D: r(^'ArF) —> T{v]\[Y) is the (twisted) Dirac operator that arises as the 
linearisation of the deformation map for associative submanifolds, and 
(v) H®'': 0°(F)©H^(F) —>■ H°(F) © H^(y) is defined by 


B‘^''{f, a) := (*da, —*d/ — d*Q;) . 

Proof. Like in the closed case (see the proof of Proposition 14), H is a negative 
twisted Dirac operator. Furthermore, D : r{i'NY) —> T{iy]s[Y) satisfies 

Ds = —u X (—V„s + Ds). 

So the Atiyah-Patodi-Singer Index Theorem (Theorem 5, (21)) implies 

i„d, D = - / (.4(X) ch(F)), - . (42) 

Like in the closed case (see the proof of Proposition 14), we get 

- f (A(X)ch(F))4 = i f e(X)-i f p,{X)- [ e{nMX). (43) 

J X H X 'J X 'J X 

Now Theorem 6 implies 

^J^p,{X)=a{X)+piBn- (44) 

Furthermore, the generalised Gauss-Bonnet-Chern Theorem (Theorem 9, see 
also [Mel93, Lemma 9.2]) yields 


[ eiX)=xiX). 
Jx 


(45) 


Now (41) follows from the above formulae. 


□ 
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3.4 Relation Between B'^'^ and D 


Here we investigate the relation between the two operators H®'' and D that 
appear in the index formula of Theorem 15. We derive an alternative index 
formula involving the spectral flow (Proposition 19). 

Lemma 16. The operator is the Dirac operator associated to the Dirac 
bundle A^Y © A^Y with the Clifford multiplication 

V ■ (/, a) = (u j *a, —f*v^ — A *a) 
for V G TY, f G A^Y, a G A^Y and the Levi-Civita connection. 

Proof. We have 

3 3 

Ci ■ (Ve,/, Ve.a) = J *VeiQ;, -Ve,/*e* - e* A *Ve,Q;) 

3 3 3 

* y] e* A -* y] e* A Ve J + * y] e, n Ve,a 

i—1 i—1 

= (H=da, —*df — *6a) 

= B-^f,a). □ 

Lemma 17. Let s G r(i/ArP) be a non-vanishing section with pointwise norm 1 
(which always exists since Y is 3-dimensional and VffY has rank d), and let 

h: IsPY (B A^Y ^ vjqY, (/, a) /s + s x (=!=«)**, (46) 

where “x ” is the cross product of the G 2 -structure on N. Then 

h{v ■ if, a)) = vx h{f,a) 

for V G TY, f G A'^Y, and a G A^Y. So h defines an isomorphism of bundles 
of Clifford modules. 

Proof. There is a vector-valued 3-form x G D.^{N,TN) such that [AS08, (6)] 

x(w, V, w) = —u X (v X w) — g{u, v)w + g{u, w)v (47) 

for all u,v,w € r(TiV). Hence 

V X (s X w) = g{v, w)s — s X (v X w) 
for all v,w G r(rF). So 

h{v ■ (/, Of)) = h{{v j *a, —f*v^ — A =i=q;)) 

= (w j *a)s — s X {*{f*v^ + u'' A h=q;))** 

= g{v, (=i=a)*)s -\-vxfs — sx{vx (*a)**) 

= V X (fs + s X (*«)**) 

= w X h{f, a) 



14 



since 


A w^))'^ = V X w 

for all v,w € r(TF) since Y is associative. □ 

Corollary 18. Let s G T^vnY) be a non-vanishing seetion with pointwise 
norm I, and let 


D:r{vNY)^T{vNY), z ^ hiB^^(h-^z))), (48) 

where h: A°F 0 A^Y —>■ VfqY is defined in (46). Then the operators D and D 
have the same symbol. Moreover, if s is parallel, then D = D. 

Proposition 19. Let s G T{h'NY) be a non-vanishing section with pointwise 
norm 1, let D: T^iznY) r(:^jv^) be defined as in (48), and let Dt : T^iznY) 
r(i/ 7 vl") (0 < t < 1 ) be a smooth family of linear differential operators with the 
same symbol such that Dq = D and Di = D. Then 

1 1 1TT1 K’^^P I) 

indA D = -xiX) - -a{X) - e{nMX, s) 0 sf (A)-^-, (49) 

where sf{Dt) is the spectral flow of the family (Dt), that is, the number of 
eigenvalues that go from < 0 to > 0 minus the number of eigenvalues that go 
from >0 to < 0. 

Proof. First note that the spectral flow does not depend on the choice of the 
smooth family [APS76, Theorem (7-4)]. So let /r: M —>■ [0,1] be a smooth 
function such that /i(t) = 0 for all t < —1 and fi{t) = 1 for all t > 1, and let 
P: r(]R X vnY) —>■ r(K. X v^Y) (over the manifold R x T) be defined by 

Ps-.=—Vts-\-yL{f)Ds-\-(\ — pL{t))Ds . (50) 

Then ind^ P + ^(dimkeri) 0 dimkerZ)) (for A > 0 such that [—A, 0) contains 
no eigenvalue of i?®'' or D) is equal to the spectral flow from D to D [APS76, 
Section 7]. 

Note that P is the negative Dirac operator with respect to the connection 
^(t)V 0(1 — p,{t))V, where V := (/i“^)* V. So the Atiyah-Patodi-Singer Index 
Theorem (Theorem 5, (21)) implies 

indA P 

= -/ A(K X r)ch(fb.) - - ’>0) _ + ’i(P) , 51 , 

J'RxY 2 2 

Note that 

dimkerD = dimkeri?®''= 5°(y) 0 6^(F) and r]{D) = . (52) 
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As before, we get 


(A(Rxy)ch(F|y))4 


/Rxr 


i / e(M X y) - i f pi{RxY)- f e(]R x . 

^ jRxY 0 jRxy JRxY 


(53) 


Here e(]Rx F) = (R x F) =0. The generalised Gauss-Bonnet-Chern Theorem 

(Theorem 9) implies 


[ ^{vmX) = e{yMX,s) — f 6>(Fv|y)Vs) 

Jx Jy 

= e{vMX, s)+ e(]R x vnY) . 
Jrxy 


(54) 


Now (49) follows from the above formulae. □ 

Remark 20. Note that both e{i'MX,s) and sf(I?t) depend on the choice of s 
but their difference does not. In particular, if s and s' are two non-vanishing 
sections of i^nY (w.l.o.g. with pointwise norm 1) that are homotopic through 
non-vanishing sections, then e{vMX,s) = e{vMX, s'). Hence also si(Dt) = 
sUD',). 


3.5 Additional Assumptions 

Here we prove simplified versions of the index formula under special assumptions 
on the cross-section at infinity. Examples where these assumptions are satis¬ 
fied can usually be found if the cross-section at infinity of the Spin(7)-manifold 
has reduced holonomy. In particular, we will apply the results of this section 
to asymptotically cylindrical Cayley submanifolds inside the asymptotically cyl¬ 
indrical Riemannian 8-manifolds with holonomy Spin(7) constructed by Kovalev 
in [Kovl3] in Section 5. 

Proposition 21. Let M be an asymptotically cylindrical manifold with an 
asymptotically cylindrical ^p\n.{7)-structure asymptotic to (0, cx)) x N, where 
N is a 7-manifold with torsion-free G 2 -structure, let X be an asymptotically 
cylindrical Cayley submanifold asymptotic to (0, oo) x Y, where Y is a closed 
associative submanifold of N, and letD: T{vmX) —>■ T{E) be defined as in (25). 
Suppose that the normal bundle vjqY of Y in N has a non-trivial parallel sec¬ 
tion s € r(i/j\fY). Then 

1 1 b° (Y)-\-b^ (Y) 

indA D = -x{X) - -aiX) - e{vMX, s) - ^ ^ ’ , (55) 

where X>0 is such that [—A, 0) contains no eigenvalue of . 

Proof. We have D = Dhy Corollary 18 since s is parallel. Hence r]{D) = rj{B^'^) 
and dimker£) = dimkerH®''. So (55) follows from (41) using the generalised 
Gauss-Bonnet-Chern Theorem (Theorem 9). □ 
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Proposition 22. Let M be an asymptotically cylindrical manifold with an 
asymptotically cylindrical Spva{7)-structure asymptotic to (0, oo) x N, where 
N is a 7-manifold with torsion-free G 2 -structurc, let X be an asymptotically 
cylindrical Cayley submanifold asymptotic to (0, oo) x Y, where Y is a closed 
associative submanifold of N, let D : T^vmX) L{E) be defined as in (25), 
and let X be the compactification of X so that dX = Y. Suppose that there 
are a A-dimensional manifold X and a free involution p\ X ^ JC such that 
X = X/{p). Let tt: X ^ X/(p) = X be the projection, and let Y := 'k~^{Y) 
(so that dX = Y). Suppose that {Tr\~)*( vnY) has a non-trivial parallel section 
s € r((7r|~)*(i/jvP)) such that 


s o p = —s . 


Then 

mdxD = + ^cr{X) - - ^e{Tr* (i^mX), s) 

6° (y) + b^ (y) 6° (y) + b^ (y) 

2 2 ’ 

where X > 0 is such that [—A,0) contains no eigenvalue of D. 

Proof. The section s defines a flat subbundle K of vnY of rank 1. Now 
Lemma 17 defines an isomorphism = (A°y © A^y) © K. Furthermore, 
the connections are identified via this isomorphism since s is parallel and the 
G' 2 -structure is torsion-free. In particular, under this isomorphism, D is identi¬ 
fied with the operator 

n°{Y,K)®n‘^(Y,K) ^n°{Y,K) ^n‘^(Y,K), 

(/, a) !->■ (*dQ;, —*df — d*Q;). 

H6nc6 

p{D)-piB^^)=pdY), (57) 

where ^: 7r(y) —>■ {±1} is the holonomy representation of K and p^(Y) is defined 
in [APS75b, Theorem (2-4)]. Now [APS75b, Theorem (2-4)] and [APS75b, 
Lemma (2-5)] imply 

p^{Y)=2a{X)-a{X). (58) 

Also note that 

dimkerZl = b°{Y)-P + b^{Y)-P = {b°{Y) - b°{Y)) + {b\Y) - b^(Y)). (59) 

Furthermore, 

f eiixMX) = ^ fe{Tr*{nMX)) = ^e(Tr*{iyMX),s) (60) 

X 'J X 

by the generalised Gauss-Bonnet-Chern Theorem (Theorem 9) since tt: X ^ X 
is a 2-fold cover and s is a non-trivial parallel section of n*{ i'mX)]^-. Now (56) 
follows from (41) using the above formulae. □ 
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Proposition 23. Let M be an asymptotically cylindrical manifold with an 
asymptotically cylindrical Spva{7)-structure asymptotic to (0, oo) x N, where 
N is a 7-manifold with torsion-free G 2 -structure, let X be an asymptotically 
cylindrical Cayley submanifold asymptotic to (0, oo) x Y, where Y is a closed 
associative submanifold of N, and letD: T{vmX) —>■ T{E) be defined as in (25). 
Suppose that N = x C, where C is a Calabi-Yau 3-fold, and that Y = x Z, 
where Z is a complex curve in C. Furthermore, let s € T{i'i\fY) be a non¬ 
vanishing section that is invariant under rotations of . Then 

■AT-, ^ Tv\ ^ tv\ I V \ dimci/°(2’,t'c2’) 

indA D = -^x{X) - “ e.i’^MX, s) - - -. (61) 

where X > 0 is such that [—A, 0) contains no eigenvalue of D. 

Remark 24. Under the above hypotheses, consider the map 

(0, oo) X X C C X C, {t, e*®, a;) !->■ (e”*"*"’^, x). 

This is a diffeomorphism onto {z€C: 0< \z\ < lIxC. Let M be the compac- 
tification of M that is obtained by using this diffeomorphism and extending it to 
{0} X C (so M is a closed manifold with M\M = C). Extend X similarly to X. 
Then we can identify vjpX on the cylindrical end with {z G<C: < 1} x 

(where we identify C = M \ M). Now the hypothesis that s is invariant under 
rotations of 5”^ means that s induces a non-vanishing section of Hence 

e{i>MX, s) = efuj^X), which is equal to the self-intersection number of X in M. 

Proof. First note that 

r;(H®'') = 0 (62) 

by Lemma 7. Let J: vnY —>■ vnY be the parallel, orthogonal almost complex 
structure on ixnY induced by the complex structure on ucY- Then J{s) = v x s 
for u ^ € r(TU), where 9 is the coordinate on the S'^-factor. Furthermore, 

wxJs-\-J{wxs)=wx{vxs)-\-vx{wxs) = —2g{v, w)s 

for all w G r(TU), s G r(i^j\fY) by [AS08, (6)]. So 

D{Js) + J(Ds) = —2V„s . 

Let p:Y^Y, p{F^,x) := (e“‘^,a;) for (e*®,a;) G x Z = Y. Then vo p= —v. 
So V„(s o p) = —(Vys) o p. Hence 

I){s op) — {ids) o p = —2( JV^s) o p. 


Thus, if 

J: r(:^ 7 vU) T{i']\fY ), s i-G (Js) o p , 

then 

D{Js) = D{{Js) o p) = (£)( Js)) o p -I- 2(V„s) o p = —{.J[Ds)) o p = —J{Ds). 
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This implies that the spectrum of D is symmetric. Hence also 


r]{D) = 0. (63) 

Note that ker D is isomorphic to the space of holomorphic sections of the normal 
bundle vqZ [CHNP12, Lemma 5.11]. Hence 

dim ker D = dime vqZ) . (64) 

Furthermore, V„s = 0 since s is invariant under rotations of S^. So the gener¬ 
alised Gauss-Bonnet-Chern Theorem (Theorem 9) implies 

[ e{iyMX)=e{iyMX,s) (65) 

Jx 

since N = x C is endowed with the product metric. Now (61) follows from 

(41) using the above formulae. □ 


4 Varying the Spin(7)-Structure 

In this section, we prove that under certain genericity assumptions on the 
Spin(7)-structure, asymptotically cylindrical Cayley submanifolds form a smooth 
Hnite-dimensional moduli space. There are various versions, depending on the 
precise conditions on the asymptotically cylindrical Spin(7)-structures allowed 
and whether the cross-section at infinity of the Cayley submanifold is fixed. 

Definition 25. Let X be a topological space. We say that a statement holds 
for generic x & X ii the set of all x G X for which the statement is true is 
a residual set, that is, it contains a set which is the intersection of countably 
many open dense subsets. 

In the following theorems we use the C“-topology for the space of all Spin(7)- 
structures. 

Theorem 26. Let M be an asymptotically cylindrical 8-manifold with an asymp¬ 
totically cylindrical 8ip>iii{l)-structure asymptotic to (0, oo) x N, where N is a 
7-manifold with a G 2 -structure, let X he an asymptotically cylindrical Cayley 
submanifold of M asymptotic to (0, oo) x Y, where Y is a closed associative 
submanifold of N, and let 0 < a < 1. 

// A > 0 is small enough, then for every generic asymptotically cylindrical 
Sy)u\{7)- structure Ih with rate X that is G^°‘-close to <P, the moduli space of all 
asymptotically cylindrical Cayley submanifolds of (M, W) with rate A that are 
-close to X is either empty or a smooth manifold of dimension ind^ D, 
where D is defined in (25). 

Proof. The proof works mostly analogous to the proof of [Ohsl4, Theorem 3.7]. 
So we will only explain the main differences. 
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Let U C vmX, V C AfM © A|M © A|gM, and 6>: F —>■ A^M be as in the 
proof of [0hsl4, Theorem 3.7], and let 

F: r^(U) er^(V) (s,x) H>7r£;((expJ*(re(x))). 

Then 

(d^)(o,o)(s,0) = Ds 

for s e rA(j^MAr) and [0hsl4, Lemma 3.9] 

(d^^)(o.o)(0,x) = -TTsielx), 

where e S rA(AYM) and x •= € rA(A|M). Now F extends to a map 

# 2 -“: Cl’^(U)eCl’^(V)^Cl’^(F) 

of class C^. Since the image of the operator 

is closed and has finite codimension and C“(i?) is dense in the map 

(dF^'’“)(o.o): © ©^’“(A^M © A^M © A^gM) ^ 

is surjective by Lemma 28 below. 

Lemma 27. Suppose that s G ©^’“(17) and x € ©^’“(©) (for some k > 2) 
satisfy F^’“(s,x) = 0. Then s G ©^^^’“(i^mAT). 

Proof. This follows by considering the quasilinear elliptic equation 

D*Fis,x) = 0 


end elliptic bootstrapping. □ 

Note further that if s G ©^’“([/) and x G ©^’“(©) have small ©^’“-norm, 
then 

and 7?^’“ are asymptotic to the same operator since A > 0. In particular, they 
are Fredholm for the same values of A. 

The remaining arguments work like in the closed case [Ohsl4, Theorem 3.7]. 

□ 

Lemma 28. Let X be a topological vector space, let V be closed subspace of X 
with finite codimension, and let W be a dense subspace of X. Then X = V + W. 

Proof The proof works by induction. It is trivially true if © = X. Otherwise, 
\© is open and non-empty. Hence there is some w gW\V since W is dense. 
Then V + (w) is a closed subspace of X whose codimension is smaller than the 
codimension of V. □ 
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Theorem 29. Let M be an asymptotically cylindrical 8-manifold with an asymp¬ 
totically cylindrical '8p>iTi{l)-structure asymptotic to (0, oo) x N, where N is a 
7-manifold with a G 2 -structure, let X he an asymptotically cylindrical Cayley 
submanifold of M asymptotic to (0, oo) x Y, where Y is a closed associative 
submanifold of N, and let0<a<l. Suppose that the moduli space of all asso¬ 
ciative submanifolds of N that are C^’°‘-close to Y contains a smooth manifold y 
with Y €y. 

// A > 0 is small enough, then for every generic asymptotically cylindrical 
Spui{7)-structure iL with rate X that is G^f°‘-close to d), the moduli space of 
all asymptotically cylindrical Cayley submanifolds of{M,d') that are C^'°‘-close 
to X and asymptotic to (0, oo) x Y' with rate A for some Y' £y is either empty 
or a smooth manifold of dimension indA D + dim 3^, where D is defined in (25). 

Proof. Let p: R ^ [0,1] be a smooth function with p{f) = 0 for t < 0, p{f) = 
1 for large t, and ||p'||Qi,a sufficiently small. For § G T^nffY), view it as a 
translation-invariant section of M x n^Y (i.e., Vjs = 0), and consider p{t)s G 
r(nMX). Now consider 3^ as a submanifold of C°°(njvY), and let 

F: r^(l7)eyer^(V) (s,s,x) 7r£;((exp^_^^(i)^)*(T0(^))) . 

Note that the image is indeed in Fa (FI) since 3^ consists of associative submani¬ 
folds (which implies that (exp^)*(T<i>) = 0 on R x T for s G 3^). We have 

(dF) ( 0 , 0 . 0 ) (s,s,0) = L>s + p'(t)s 

for s G Fa(j^m-A'), s G Toy. Note that this is a Fredholm operator with index 
indA L> + dim3^ since ||p'||ci,c is sufficiently small. We further have 

(d.F)(o.o.o)(0,0,x) = -7ris(e|A:), 

where e G rA(A 7 M) and y := g(T,p, e) G Fa(A|M). Now F extends to a map 

: C^’“ ([/) 0 3^ © C^’“ (V) -G C^’“ (F) 

of class C^. Since the image of the operator 

Cl’^inuX) © Toy -G C^’“(F;) , (s, s)^Ds + p'{t)s 

is closed and has finite codimension and Cff{E) is dense in C(^’“(F1), the map 

(dF^"’“)(0.0.0): C^’“(^^mX) © ro3^ © ©^’“(A^M © A*M © Aj^M) -g C(,’“(F;) 

is surjective. □ 

Theorem 30. Let M he an asymptotically cylindrical 8-manifold with an asymp¬ 
totically cylindrical 'Spm.{7)-structure asymptotic to (0, oo) x N, where N is a 
7-manifold with a G 2 -structure, let X he an asymptotically cylindrical Cayley 
submanifold of M asymptotic to (0, oo) x Y, where Y is a closed associative 
submanifold of N, and let0<a<l. 
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// A > 0 is small enough, then for every generic asymptotically cylindrical 
Spin{7)-structure 'f' with rate A that is C‘^’°‘-close to <P, the moduli space of all 
asymptotically cylindrical Cayley submanifolds of (M,^) with rate A that are 
C^’°‘-close to X is either empty or a smooth manifold of dimension indA 
where D is defined in (25). 

Proof. Here we have the deformation map 

F: Txiu) © r{u) © rA(H) © r(H) ^ rA(i;) © r(:/wr), 

(s, S, X, (t>) ^ 7i'£;((exp,+p(t)|)*(re(^+p(t)^))), 

where U C and V C A^N are appropriate open tubular neighbourhoods 
of the 0-sections and the image of this map lives in the image of the map 
rA(iil) ©r(i/ArH) —>■ r(i?), {e,v) 1 -^ e + p{t)v (recall that E\y = vnY). We have 

(d.F)(o.o,o.o) (s, s, 0, 0) = {Ds + p'{t)s, Ds) 

for s G Tx^i^mX), s G T{ixxrY). Note that this is a Fredholm operator with 
index indA D since indl) = 0 and ||p^||ci,a is sufficiently small. We further have 

(dF)(o,0.0.0)(0,0,x,(?;>) = (-7ri5(e|x),7r^(w|y)), 

where e G rA(A 7 M), x := g(T$,e) G rA(A 7 M), v G r(rA^), and (p := *]y{(p A 
v^) G r(AyAi). Now F extends to a map 

: C^’“(C/) © C2’“(C>) © C^’“(H) © C2’“(H) ^ 

of class C^. Since the image of the operator 

C^’“(:.mX) © C^’^imY) ^ C]:^{E) © C^'^imY), 

(s, s) I—>■ (Ds + p'(t)s, Ds) 

is closed and has finite codimension and Cff{E) and C°°{iyNY) are dense in 
Cl^°(E) and respectively, the map 

(dF^'’“)(o.o.o.o): C'a’“(^mX) © C^’‘^imY) 

© C^’“(A:(M © A*M © A^gM) © C^'°‘{A^N) 
^Cl;°{E)®&’^inNY) 

is surjective. □ 


5 Examples 

In this section, we provide examples of asymptotically cylindrical Cayley sub¬ 
manifolds inside the asymptotically cylindrical Riemannian 8-manifolds with 
holonomy Spin(7) constructed by Kovalev in [KovlS] and calculate the indices 
of these Cayley submanifolds. 
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Notation. Throughout this section, if M is a manifold and n is a positive 
integer, we write n M for the connected sum of n copies of M (the connected 
sum does not depend on the embeddings of the discs along which the manifolds 
are glued; furthermore, the connected sum is commutative and associative up to 
orientation preserving diffeomorphism). Note that n M is cobordant to M, 
the disjoint union of n copies of M. In particular, if M is null-cobordant, so 
is nM, and a null-cobordism of M determines a null-cobordism of nM by 
composing with the cobordism between n M and m=iM. 

5.1 Cayley Submanifold in a Spin(7)-Manifold Construc¬ 
ted from CP^ 1114 

We will now construct an asymptotically cylindrical Cayley submanifold in¬ 
side the asymptotically cylindrical Spin(7)-manifold constructed in [Kovl3, Sec¬ 
tion 6.2] and compute the index. Let V := CPi i 11 4 (a weighted projective 
space). This is an orbifold with unique singular point po := [0, 0,0, 0, Ij. Let 

D '■= {[zo ,..., Z 4 ] € V: Zq + zf + Z 2 + z^ + = 0} , 

D' ■= {[zo, ...,24] GV: Zq — z\ + 2z2 — 2 z^ + i^l = 0} , and 
:= DnL>'. 

Note that both D and D' are smooth and that if is a complete intersection. Let 
V be the blow-up of V along S. Then D lifts to a submanifold D of V which 
is isomorphic to D. 

Define two antiholomorphic involutions 


PI'.V^V, [zo,...,Z4ji-^ [zi,-Z0,Z3,-Z2,Z4j and 

P2:V^V, [zo,...,Z4]<-g[Ti,To,T3,T2,T4]. 

Note that pip2 = P2Pi- Furthermore, both pi and p2 preserve po, D, and 
D', and hence also S. So they lift to antiholomorphic involutions pi and p2 
of V such that pip2 = P2Pi- Note further that pi fixes only pq. Let Mi := 

iV\{DU{po}))/{pi)- 

Now let W be the blow-up of C^/Z4 at 0, where Z4 acts on by multiplic¬ 
ation by i. Furthermore, let 

P2-. C^/Z4 -^C^/Z 4 , [zi,...,Z 4 ]^ \zi,~ 2 ,~ 3 ,%\, 

P3: C^/Z4 C^/Z4 , [zi,..., Z4] [^, -zi,Z 4 , -^], 

and let P2 and P3 be the lifts to W. Then pg is an involution of W that acts 
freely. Let M2 '■= Wj^p'^). 

Let M := Mi Uf M2, where we glue Mi and M2 together using the following 
diffeomorphism / of /Q3, where Q3 is the quaternion group. Let /': ^ C^, 

f'{xi + ix2,X3 -I- ia;4) := (—xi + Da, X2 + D4), 
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and define / := (/' © /Ols^’/Qs- Then M admits an asymptotically cylindrical 
Riemannian metric with holonomy Spin(7) [Kovl3, Theorem 5.9]. Note that 
the cross-section at infinity of M is diffeomorphic to N := {S^ x D)/{p), where 
p(e'^,z) = (e-‘^pi(z)). 

We may assume that the Kahler metric on V is pi- and p 2 -invariant. Then 
the holomorphic volume form 17 on R satisfies (w.l.o.g.) {pl)*{^2) = fl and 
(p 2 )*(l 7 ) = e‘®l7 for some 0 G M. Now p\pi = p^Pi implies e^'^ = 1. So either 
(P2)*(17) = 17 or (p 2 )*(f 2 ) = —In the first case, the fixed-point set of p 2 is 
calibrated with respect to Re 17, and in the second case, the fixed-point set of p2 
is calibrated with respect to Im 17. In particular, pi acts orientation-preserving 
in the first case and orientation-reversing in the second case. 

So consider the fixed-point set of p2 in V, 

Vp 2 '■= {[u, u, u,TJ, r]: u,v € C,t € R, (u,v,t) ^ (0, 0,0)} . 

The action of pi on Vp^ is given by 

pi([u, u, u,TJ, rj) = [irt, irt, in, w, r]. 

In particular, pi acts orientation-preserving on Vp^ (i.e., the quotient Vp^l{pi) 
is orientable). This shows that (/ 52 )*( 17 ) = 17 as seen above. 

By resolving the singularity in a p 2 -equivariant way, p2 yields an involution 
of M that preserves the Spin(7)-structure. Hence its fixed-point set is a Cayley 
submanifold of M [JoyOO, Proposition 10.8.6]. Denote it by X. We will now 
deduce the topological type of X and calculate the index of the deformation 
map. 

Let Xi be the fixed-point set of /52 in R \ 77, let X 2 be the fixed-point set 
of pip2 in R \ 77, let X^ be the fixed-point set of P 2 P 3 in W, and let Xi := 
^ 1 / (Pi)j ^2 '■= -^ 2 /(pi), and 7^3 := X^/{p^). 

Lemma 31. We have 


X = Xi Ui(44) 7^2 Ui(4.i) X 3 , 

where T(4; 1) is a lens space, defined by considering C and taking the quo¬ 
tient with respect to the cyclic group Z 4 whose action is induced by multiplication 
by i. 

Proof. We have 

f'{u, u) = ((—1 + i) Reu, (1 — i) Imu), 
f'{iu,u) = {iu,u), and 
f'{u,0) = (— Ret 6 ,Imt 6 ) 

for all u G C. So 

{ [u, u, V, w, 1]: u,v G C} C Vp.^ 

is identified with 

{[(1 - i)ti, (1 - i)72, (1 - i)73, (1 - 1 ) 74 ]: 7i,..., 74 e R} C C‘‘/Z4 , 
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and 


{[w, u, V, V, —1 ]: u,v € C} = {[iw, u, it), t!, 1]: G C} C Vp^ 

is identified with 

{[m, u, if, f]: u, f G C} C C'^/Z 4 , 

and 

{[M,0,f,0,1]: u,v eC} C Vp^p^ 

is identified with 

{[tl, ^2, ^3) ^ 4 ] : ^1) • ■ •, ^4 G ffi.} C C^/Z4 . 


Now [iti,it 2 ,its,it 4 ] and [(1 — i)ti, (1 — i)t 2 , (1 — i)^ 3 , (1 — 1 )^ 4 ] he on the same 
complex curve. So under the blow-up of C‘*/Z 4 at 0, they are glued together. 
Furthermore, the component {[w, 0, n, 0, 1] : u, f G C} is blown up at po (this is 
a complex surface in C‘*/Z 4 with unique singular point po)- CH 

Let Y be the fixed-point set of p 2 in D, let Z be the fixed-point set of pip 2 
in D, and let Y '.= Y/{pi) and Z := Z/{pi). Then the cross-section at infinity 
of X consists of 5”^ x Z and two copies of Y. 

Note that T is a special Lagrangian submanifold of D. Furthermore, the 
pull-back of vnY under the map T —>■ F is vs^xdY. So s = ^ is a parallel 
normal vector field of F in x D. Furthermore, s o p = —s. So we can apply 
parts of Proposition 22 for the index calculation. 


Lemma 32. IFe have 


Proof. Let 


F ^ 13 (S'l X 52 ) . 


X 4 := {[u,u,v,v,t] G Vp2 : Ren® -|- Rev® -I- < 0} 


and X 4 •.= X 4 /{pi). Note that 

F = {[u,u,v,v,t] G V^2 : Reu® -I- Rev® -I- = 0} . 


The map 

X4 X [0,1] — )■ X4 , ([m, u, V, V, r], t) I—>■ [u, u, V, v, rt]) 

defines a deformation retraction of X 4 onto 

F' := {[m, u, V, V, 0] G V ^2 • Re V® + Re v® < 0} . 

Note that F is the closed double of F'. Furthermore, there exists a deformation 
retraction /: C x [0,1] —?■ C onto 

{zGC: z® = -|2|®} 


such that 
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(i) /(e4’^‘z,t) = e4’^V(z,i), 

(ii) f(rz,t) = rf{z,t), and 

(iii) f{z, t) = 0 implies z® = |z|® 

for all z G C, t S [0,1], r € [0, oo). Then the map 

Y' X [0,1] ^ T', ([u, u, V, V, 0], t) i-G [f{u, t),f(u, t),f{v, t), f{v, t),0]) 

defines a deformation retraction of Y' onto 

K := {[m, u, V, V, 0] G fop2: Rew® = —|u|*, Ret!® = —|v|®} • 

Now let Y' := Y'j{pi) and K := K/{pi). The above deformation retractions 
are pi-invariant. So RT is a deformation retract of X 4 , and Y is the closed double 
of Y'. Note that K and K are 1-dimensional CW-complexes. Furthermore, Y 
and Y are connected since K and K are connected. 

Now the set 

{{u,v) G : |u|® -|- |v|® = 1, Reu® = — |u|®, Re v® = — |u|®} 

is a 1-dimensional CW-complex with 16 vertices (0-cells) and 64 edges (1-cells). 
So K has 4 vertices and 16 edges. Hence xi^) = 4 — 16 = —12, and so 
b^{K) = b^{K) — x{K) = 13. In particular, tti^F') = 7 :i{K) is a free group of 
rank 13. 

Given any closed loop in Y', there exists a smooth loop homotopic to it. 
Furthermore, we may assume that it meets K transversely, which means that 
it does not intersect K. Then we may use the earlier deformation retraction 
backwards to push the loop onto dY'. This shows that the map TTi{dY') —>■ 
7ri(T') induced by the inclusion is surjective. Hence 

7ri(y) = 7ri(y') 7ri(y') = 7ri(y') 

by van Kampen’s Theorem. So T^iiY) is a free group of rank 13, and hence 
F = 13 (S'^ X S'^) by [Hem76, Exercise 5.3]. □ 

We should also note the following consequences of the above proof. We 

have a{X 4 ) = a{X 4 ) = 0 since b'^{X 4 ) = b‘^{K) = 0 and b'^{X 4 ) = b‘^{K) = 0. 

Furthermore, F = 25 (5^ x S"^) since K has 8 vertices and 32 edges. Also 
b^{dY') = 2 6^(F') = 26. So dY' is a closed orientable surface of genus 13. 
Consider also the fixed-point set of pip 2 in V, 

FpiP 2 ■= {[m, 0, V, 0, w]: u,v,w € C, (u, v, w) ^ (0,0, 0)} and 

^PiP 2 ■= u, 0, V, w]: u,v,w e C, {u, V, w) ^ (0,0, 0)} . 

Note that p\ interchanges these two components. 

Lemma 33. The closed orientable surface Z has genus 3. Furthermore, 

dime H^{Z, vdZ) = 4 . 
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Proof. Note that 


Z = {[m, 0, V, 0, w] € Fpipj: M® + t!® + = 0} . 


The map 

Z CP^, [u, 0, V, 0, w] I—>■ [u, w] 

is a branched double cover with 8 branched points. So x(^) = by the 
Riemann-Hurwitz Theorem. Hence Z is a complex curve of genus 3. 

In particular, ci{vdZ) = —ci(Z) = 4 since H is a Calabi-Yau manifold. 
In fact, if we denote the above map by / : Z —>■ CP^, then one can check that 
i/jyZ = f*0(l) 0 Note that dime i?°(CP^, 0(1)) = 2. If we denote 

p: Z ^ Z, [u, 0, V, 0, w] !->■ [u, 0, v, 0, — w], then these sections are those sections 
that are invariant under p. But if a section changed its sign under p, then it 
would be 0 at all 8 branched points. This would imply that the intersection 
number with the zero section would be at least 8. But this intersection number 
is equal to ci(/*0(l)) = ^ci{u£,Z) = 2. Hence dime ^/jZ) =4. □ 

Let S be the fixed-point set of p 2 in S, and let S := S'/(pi). 

Lemma 34. The closed orientable surface S has genus 13. 

Proof. Note that 

S = {[u,u,v,v,t] G Vp^/{pi): Re'u® 0 Rev® 05 r^ = ImM®02Imu®05r^ = 0} . 
We have 

Reu® 0 Rev® = Imu® 0 2Imu® Re((l 0 i)u®) 0 Re((l 0 2i)v®) = 0 

Re(AM)® 0 Re(pv)® = 0, 

where A, p G C are such that A® = 1 0 i and p® = 1 0 2i. So S is diffeomorphic 
to the closed double of 

S' := {[m, u, V, V, 0] G Vp^f {pi): Reu® 0 Re v® < 0, Re(Aw)® 0 Re(pv)® = 0} . 
Since the map 

[m, u,v,v, 0] t-G- 0] 

defines a diffeomorphism of S' to 

{[■u, u, v,v, 0] G Vp^f{pi): Rev® 0 Rev® > 0, Re(AM)® 0 Re(pv)® = 0} , 
we see that 


S 0 {[m, u, V, V, 0] G Vp^fipi): Re(A'u)® 0 Re(pv)® = 0} . 

This surface is diffeomorphic to dY'. Hence S is a closed orientable surface of 
genus 13. □ 
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Define 


X 4 := {[u,u,v,v,t] € Vp2 : Reu® + Rev® + < 0} 

and X 4 := X 4 /{pi) as in the proof of Lemma 32. Furthermore, let 
X^ '■= {[m, u, V, V, r] G Vp^ : Reu® + Rev® + > 0} 


and X5 := X5/{pi). 

Note that \D consists of two connected components, namely the interiors 
of X 4 and X 5 . In the blow-up V\D, they are glued together along an interval I 
times the intersection of Vp^ with E, that is, along I x S. So 

Xi = X 4 U/xS X 5 . 

Note that by construction, we also have a diffeomorphism 

X4 Uv ^5 = R X L(4; 1 ). 


Hence 


x(Xi) = x(X 4 ) + x(^ 5 } - x{S) = xim 1)) + x(r) - x{S) = 24 . 

Also note that Xi has an orientation-reversing diffeomorphism (coming from 
V -)■ V, [ 2 : 0 ,..., 24 ] [zo, -- 24 ]), and hence 

a(Xi) = 0. 

The intersection of Vp^p^ with E, that is, the set 

{[m, 0, V, 0, w] GV: V® -|- V® -I- = 0, m® -|- 2v® -I- iw^ = 0} , 

consists of 16 points. So in the blow-up V, the submanifold CP^ ^,4 \ {Po} will 
be blown up at 16 points. Hence 

^2 U 51 XZ (D^ X Z) ^ (CP?, 4,4 \ {po}) # 16^. 

Proposition 35. The topological type of X is 

(CP2 # 17^) \ (Xi3 H Xi3 H {D^ X A 3 )), 

where A 3 is a closed orientable surface of genus 3 and A 13 is the null-cobordism 
of 13 (A^ X A^) coming from x S'^ = d{S^ x A®). Note that the cross-section 
at infinity is 

13 (S'® X S^) H 13 (S® X S^) H (S® x A 3 ). 

Proof. The relation A 4 Uy X 5 = R x L(4; 1) implies 

7 ri(A 4 ) * 7 ri(v) 7 ri(X 5 ) = 7ri(L(4; 1)) = Z 4 
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by van Kampen’s Theorem. Since the inclusion Y X 4 induces an iso¬ 
morphism 7 ri(Y) = 7 ri(X 4 ), we must have 7 ri(X 5 ) = Z4. In fact, the inclusion 
L(4; 1) ^ X 5 induces this isomorphism. Now Xi = X 4 UjxSis X 5 implies 

7ri(Xi) = 7ri(X4) *,ri(i:i3) 

by van Kampen’s Theorem. Here the map 7 ri(i 7 i 3 ) —>■ 7 ri(Nr 4 ) induced by the 
inclusion I x T '13 X 4 is surjective. So the map 7 ri(L( 4 ; 1)) —>• 7 ri(Xi) induced 
by the inclusion L(4; 1) ^ X 5 ^ Xi is surjective. 

Note that CP^ ^ 4 \ {po} is simply-connected [DD85, Corollary 8 ]. Hence 

^2 Usixx (D^ X Z) ^ iC¥l, 4 \ {po}) #16^ 

is simply-connected. Furthermore, X^ is homotopy equivalent to CP^ (the ex¬ 
ceptional divisor), and hence also X 3 is simply-connected. 

So if we define 


X := X Uy Xi 3 Uy Xi 3 Ugixz {D^ x Z ), 

then TTi{X) = 0 by van Kampen’s Theorem since X = Xi 11 ^( 4 .!) X 2 -^3 

and the map 7 ri(y) -5- 7 ri(Xi 3 ) induced by the inclusion is surjective. 

We calculate 

X(X) = x(Xi) + 2 x(Xi 3) + x(CP?,i,4 \ {po}) + 16 • (x(^) - 2 ) + x(^3) 

= 24 -f 2 • (1 - 13) -b 2 -f 16 • (3 - 2) -f 2 = 20 

since the Euler characteristic of a closed orientable 3-manifold is 0, and 


aiX) = a{Xi) + 2aiXu) + (t(CP?^i _4 \ {po}) + 16(T(Cp2) + aiXs) 

= 0 -b 2 - 0 -bl-bl 6 - (- 1 ) -b (- 1 ) = -16 

by Novikov additivity since b‘^{Xi 3 ) = 0. Also note that the intersection form 
on X is odd since the intersection form on CP^ is odd. Hence X is homeomorphic 
to CP^ # 17^ by [FQ90, Theorem 10.1 (2)]. □ 

Note that 

x{X) = x(cp2) + 17 • (x(^) - 2) - 2 x(Xi 3 ) - x{D^ x A 3 ) 

= 3 -b 17 • (3 - 2) - 2 • (1 - 13) - (-4) = 48 


and 


a{X) = ct(CP^) -b 17 • cr(Cp2) - 2 ct(A:i 3 ) - cr(£)2 x A 3 ) = -16 . 


Lemma 36. IFe have 



e{vMX) = 24. 
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Proof. When Xi, X 2 , and X^ are glued together along L(4; 1), the normal 
bundles are also glued together. Now fix a non-vanishing section of the normal 
bundle 1) (by abuse of notation, we will also call this s). Then 

e{vMX) = ]^e{^T*Vy/^^p^^X^,s) + s) + e{vv/jt^p^)X-i, s ), 

where ^I{pi) is the natural projection. 

Let V be the blow-up of V at the singular point po) and let Xi be the 
fixed-point set of p 2 (the extension of p 2 to F) in F \ D. Then 

s) = e{vyX,, s) = x(li) = x(li) = 2x(Xi) = 48 

since Xi is a special Lagrangian submanifold of V and 

Xi = Xi Ui( 4 ;i)nL( 4 ;l) {I X L{A-, 1)) . 

Furthermore, let F 4 be the blow-up of CP^ 4 4 at the singularity po- Then 
X2 Ui( 4 ,i) X 3 is F 4 blown up at 16 points. Denote it by F 4 . We can view F 4 as 
a submanifold of V. Then 

s) + e{vwi{p3)X3,^ s) = [F 4 ] • [.F 4 ], 

the self-intersection number of F 4 inside V. Note that [F 4 ] • [F 4 ] = 0 inside the 
blow-up of V at the singularity po since the map 

CP 4 14 X [0,1] —>■ CPi i 11 4 , {[u, V, w],t) 1-0 [u, tu, V, tv, re] 

extends to the blow-ups at the singularity po. In fact, this map also extends to 
F 4 X [0,1] ^ V. So [F4] • [Fi] = 0. Hence 


Lemma 37. We have 

where X > 0 is such that 
Proof. We have 


e{vMX) = 24. 


indv D = —22 , 

[—A, 0) contains no eigenvalue of D. 


indv D = ^xiX) + “ J ^{vmX) + i(2cr(X4) - cr(X4)) 

+ {h°{Y) + h^{Y) - b°{Y) - b\Y)) - i dime H°iZ, vdZ) 

= i . 48 -p 1 . (-16) - 24 -b i • (2 ■ 0 - 0) -f (1 -f 13 - 1 - 25) 
= -22 


□ 



by Theorem 15 and parts of Proposition 22 and Proposition 23. Note that the 
change of sign of cf{X) in the above formula compared to (41) comes from our 
convention (1) of the Spin(7)-structure (complex surfaces of Calabi-Yau 4-folds 
are Cayley with respect to the opposite orientation). □ 
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Remark 38. Note that 


dimker(i)|i3(sixs2)) = 12 and dimker(i)|sixi; 3 ) = 4 . 

So all connected components of the cross-section at infinity are obstructed as 
associative submanifolds. 

5.2 Cayley Submanifolds in a Spin( 7 )-Manifold Construc¬ 
ted from a Hypersurface in CPf 11144 

We will now construct two asymptotically cylindrical Cayley submanifolds in¬ 
side the asymptotically cylindrical Spin(7)-manifold constructed in [Kovl3, Sec¬ 
tion 6.3] and compute the index. Let 


V 

= {[zo,--- 

j -^5] € 

*^^1,1,1,1,4,4 

2® 

z-o 

+ Z® 

+ Z® + Z® -b Z4 -b 25} , 

c 

= {[zo,--. 

j Z5] € 

*^^P’l,l,l,l,4,4 

Z4 

+ Z5 

= 0}, 

c 

= {[zo,--. 


*^^1,1,1,1,4,4 

Z4 

- Z5 

= 0}, 

D 

= vr\C, 

and 





E 

= vr]Cr]C'. 






Note that V is an orbifold with two singular points p± := [0, 0,0,0, i, ±1] and 
that D is smooth. Let V be the blow-up of V along U. Then D lifts to a 
submanifold D of V which is isomorphic to D. 

Define two antiholomorphic involutions 


Pi ■ [zo, ■ • •, 25 ] [zi, -zo, Z3, -Z2, Z5, Z4] and 
P2'- [zo, ... , 25 ] [~1,~0,~3,~2,~5,~4] ■ 

Note that pip 2 = P 2 Pi- Furthermore, both pi and p 2 preserve p±, V, C, 
C' , and hence also D and E. So they lift to antiholomorphic involutions pi 
and p 2 of V such that pip 2 = P 2 Pi- Note further that pi fixes only p±. Let 
Mi:=(l/\(DU{p±}))/(pi). 

Define also M 2 and /: S'^/Qs —>■ S'^/Qs as in the last section. Then both 
M := Ml U/ M 2 U/ M 2 and M' := Mi Um M 2 U/ M 2 admit asymptotically 
cylindrical Riemannian metrics with holonomy Spin(7) [Kovl3, Theorem 5.9]. 
Note that the cross-section at infinity of M and M' is diffeomorphic to N := 
(5^ X D)/{p), where p{e^^,z) = (e“*®, pi(z)). 

Consider the fixed-point set of p2 in V, 

Pp 2 ■= {[■“: w, uJ]; u,v,w G C, Reu® -I- Reu® -I- Reic^ = 0} . 

The action of pi on Vp^ is given by 

Pi{[u, u, v,v, w,w]) = [irt, irt, iu, iu, w,W] . 

In particular, pi acts orientation-preserving on Vp^ (i.e., the quotient Vp^Kpi) 
is orientable). This shows that {p2)*{f2) = 17 as seen in the last section. 
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Note that 


{[i6, u, V, V, w, w] € Vp 2 \ {_p±}: Re w > 0} = , 

where X 5 was defined in the last section. So 

Vp, \ {p±} = X 5 Uy I 5 . 

Note that in the blow-up V, we get 


X 5 U/xi;i3 X 5 

as one part of our Cayley submanifold. 

Consider also the fixed-point set of pip 2 in V, 

Vpip 2 ■= {[u, 0, V, 0, w, z]: u,v,w, z € C, + w'^ + z"^ = 0} and 

CpiP 2 := {[0, u, 0, V, w, z]: u,v,w,z e C, + z"^ = 0} . 

Note that pi interchanges these two components. 

We have h?'^{Vp^p^) = 0 and = 8 by [IFOO, Theorem 7.2]. So 

x(CpiP 2 ) = 10 and <j{Vp^p^) = — 6 . Note also that 

^PiP2 \ ({P±} U {[0,0,t!,0,w,z] e Fpip2 ■.v^+v? + z^ = 0}) 

is simply-connected by [DD85, Lemma 9]. Hence Cpip 2 \{p±} is simply-connected 
since 

{[0, 0, V, 0, w, z\ e Vpip2: + z^ = 0} —>■ CP^, [0, 0, v, 0, w, z] >->• [w, z] 

is an 8 -fold branched cover with 2 branched points, and hence 
{[0,0, V, 0, w, z] e Cpip 2 : + z^ = 0} 

is diffeomorphic to S'^ (in particular, simply-connected). 

Proposition 39. Suppose that we resolve both singularities by the “non-trivial” 
resolution (the manifold M). Then the topological type of X is 

(13CP"#29^)\(Xi3nXi3n(772 X 1 : 3 )), 

where E 3 is a closed orientable surface of genus 3 and X 13 is the null-cobordism 
of 13 ( 5 ”^ X S'^) eoming from x 8 “^ = d{S^ x D^). Note that the eross-section 
at infinity is 

13 ( 5 *^ X S^) n 13 ( 5 *^ X S^) n ( 5 *^ X E 3 ). 

Proof. Similarly to the proof of Proposition 35, one can check that 
X := X Uy X 13 Uy X 13 Us^-xz [D^ x Z) 
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is simply-connected. We calculate 


xiX) = 2x(X 5) - x(^i3) + 2 x(^13) + x{Vp,p, \ {p±}) 

+ 8 • (x(^) - 2) + 2 x(X3) 

= 2 • 12 - (-24) -h 2 • (-12) -h 8 -h 16 • (3 - 2) -h 2 • 2 = 44 


and 

a(X) = aiX5 Uy Xs) + a{Vp,p, \ {p±}) + 8 a(^) + 2a(X3) 
= 0 -h (- 6 ) + 8 ■1 + 2- (- 1 ) = -16 . 


Furthermore, the intersection form on X is odd. Hence X is homeomorphic to 
13 CP^ # 29 ^ by [FQ90, Theorem 10.1(2)]. □ 

Note that 

X{X) = 2 + 13 • (x(CP^) - 2) + 29 • (x(^) - 2) - 2x{X,s) - x{D^ x ^ 3 ) 

= 2 -h 13 • (3 - 2) -h 29 • (3 - 2) - 2 • (1 - 13) - (-4) = 72 

and 

a{X) = 13CT(Cp2) -h 29 • cr(^) - 2cr(Xi3) - cr(£|2 X E 3 ) = -16. 


Proposition 40. Suppose that we resolve both singularities by different resolu¬ 
tions (the manifold M'). Then the topological type of X is 

X 53)#14Cp2#30^)\(Xi3nXi3n(i4" X 273 )), 


where E 3 is a closed orientable surface of genus 3 and X 13 is the null-cobordism 
of 13 (5”^ X eoming from x S'^ = d{S^ x D^). Note that the eross-section 
at infinity is 

13 (5*^ X S'2) n 13 (5*^ X S'2) n (5*^ X 2 : 3 ). 


Proof. Let 


X := X Uy X 13 Uy X 13 Usixx (74^ x Z). 


Note that each X 5 in the splitting X 5 UixSia ^5 approaches both singularities. 
Recall that 


X 5 = {[u,u,v,v,t] € “Vp^/ipi)”: Reu® -|- Rev® -b > 0} , 
and consider 

X( := {[m, u, v,v, t] € X 5 : t > 0 } . 

Note also that 

^13 = {[u, h, h, r] G X^: r = 0} . 

Note that the remaining part of the boundary of X( is given by 

{ [u, M, t!, h, 0] G X 5 : Ren®-!- Re n® < 0} = Pfo 
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So 

X' U/xi:,3 ^5 = ^5 . 

In other words, we may assume that one in the splitting U/xi;i 3 ^5 
approaches p+ and the other approaches p-. So that component looks like 

(X 5 U2^(4.i)nL(4;i) {I X L{4; 1 ))) U/xi:i 3 ^5 

Now recall that X 4 Uy X^ = K x L(4; 1). Hence 

X 4 Uy (X 5 Ui( 4 ;i)nL( 4 ;i) [I X L(4; 1))) = X L(4; 1), 

which has fundamental group Z x Z 4 . Note further that the map 7 ri(N'i 3 ) —>■ 
7 ri(X 5 ) induced by the inclusion / x ^ X^ is surjective by a similar argu¬ 
ment as in the end of the proof of Lemma 32 (noting also that 711 ( 2713 ) —>■ 7 ri(y') 
induced by the inclusion is surjective). Hence tti^X) = Z by van Kampen’s The¬ 
orem. 

We have x{^) = 44 and (t{X) = —16 as seen in the proof of Proposition 39. 
Furthermore, the intersection form is odd. Hence X is homeomorphic to 

(S'l X 53)#14CP^#30^ 

by [HT97, Corollary 3 (2)]. □ 

Note that the map 

Vp,p, X [0,1]^P, 

([m, 0, V, 0, w, z\,t) 1 -^ [(1 — tu, (1 — tv, w, z] 

extends to the blow-ups, which shows that the self-intersection number is 0 
(similar to the proof of Lemma 36). Hence 

f eiuMX) = x{X^ U/xi:i 3 ^s) = “ x(^i3) = 2 • 12 - (-24) = 48. 

Jx 

Lemma 41. IFe have 

indA D = —28 , 

where X > 0 is such that [—A,0) contains no eigenvalue of D. 

Proof. We have 

indA D = ^xiX) + “ / Y^mX) + i(2cr(X4) - cr(X4)) 

+ ( 6 °(y) + h^Y) - h\Y) - b\Y)) - i dime H\z, vdZ) 

= i . 72 + i . (-16) - 48 + i • (2.0 - 0) + (1 + 13 - 1 - 25) - i • 4 
= -28 

by Theorem 15 and parts of Proposition 22 and Proposition 23. (complex sur¬ 
faces of Calabi-Yau 4-folds are Cayley with respect to the opposite orienta¬ 
tion). □ 
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6 Relation to Other Calibrations 

Harvey and Lawson noted in [HL82, Remark 2.12 in Chapter IV] that the geo¬ 
metry of Cayley submanifolds includes the geometries of other calibrations. In 
particular, if the holonomy reduces to a proper subgroup of Spin(7), then Cay¬ 
ley submanifolds can be constructed out of submanifolds that are calibrated 
with respect to another calibration. An application of the volume-minimising 
property of calibrated submanifolds shows that any deformation of such a closed 
Cayley submanifold as a Cayley submanifold must again be of that form. Here 
we show that this is also true for asymptotically cylindrical Cayley submanifolds. 
We further simplify the index formulae in these cases. 

In particular, in the case of the special Lagrangian and the coassociative 
calibration, the moduli space of asymptotically cylindrical Cayley deformations 
is a smooth manifold (we have the same linearisation up to isomorphism but 
better control on the non-linear terms due to Hodge theory). 

6.1 Special Lagrangian Calibration 

Let M be an asymptotically cylindrical Calabi-Yau 4-fold with Kahler form w 
and holomorphic volume form 17, which we assume to be normalised, that is, 
= 117 A 17. Then 

<?:=—^wAw-|-Rel7 

defines a Spin(7)-structure on M [HL82, Proposition 1.32 in Chapter IV]. This 
Spin(7)-structure is asymptotically cylindrical and torsion-free since u and 17 
are asymptotically cylindrical and closed. 

An orientable 4-dimensional submanifold V of M is called special Lagrangian 
if (Rel7)jjf = voljf for some orientation of X. This is equivalent to lj\x = 0, 
(Iml7)ljf = 0 [HL82, Corollary 1.11 in Chapter HI]. So every special Lagrangian 
submanifold is Cayley, but not every Cayley submanifold is special Lagrangian 
(for example, complex surfaces are also Cayley). 

Proposition 42. Let M he an asymptotically cylindrical Calabi-Yau A-fold, let 
X be an asymptotically cylindrical special Lagrangian submanifold of M, and 
let Y be an asymptotically cylindrical local deformation of X with the same 
asymptotic limit as X. 

IfY is a Cayley submanifold of M, then Y is a special Lagrangian submani¬ 
fold of M. So the moduli space of all local deformations of X as an asymp¬ 
totically cylindrical Cayley submanifold of M with the same asymptotic limit 
as X can be identified with the moduli space of all local deformations of X as an 
asymptotically cylindrical special Lagrangian submanifold of M with the same 
asymptotic limit as X. 

Proof. We have 

^lim (vol({?/ GY: t <T}) — vol({a: G X: t < T})) = 0 


35 



by Proposition 10 with tp = <P. So Proposition 10 with tp = Kef2 implies that 
Y is special Lagrangian. □ 


Now suppose that M is an asymptotically cylindrical Calabi-Yau 4-fold with 
cross-section N, and that X is an asymptotically cylindrical special Lagrangian 
submanifold of M with cross-section Y. The complex structure yields an iso¬ 
morphism TX = vmX. Furthermore, ^ is mapped to a parallel section s G 
r(j^ArY) under this isomorphism. In particular, e{i^MX, s) = e(TX, = x(Y). 
So the index in this case is 


indA D 


-Ixix) - 1<J{X) 


b'^{Y) + b^{Y) 
2 


( 66 ) 


by Proposition 21, where A > 0 is such that [—A, 0) contains no eigenvalue 
of B®''. 

Note that we also have an isomorphism A°X© = E, which comes from 
the parallel section u> € T{X^M) and the map TX x TX —>■ E, {u, v) u x Jv. 
Under these isomorphisms, the Dirac operator D is identified with 


D1(A:) ^D°(A:)©D^(A:), (6a, i(da-f *da)). (67) 


The dimension of the kernel of this map is equal to the dimension of the image 
of Hl^{X) in H^{X), which is equal to b^{X) + b^{X) — b‘^{X) — b^{Y) (note 
that 6^(Y) = 0 if Y has no closed connected component). 

Salur and Todd [STIO, Theorem 1.1] proved that if M is an asymptotically 
cylindrical Calabi-Yau 3-fold and X is an asymptotically cylindrical special 
Lagrangian submanifold of M, then the moduli space of all local deformations 
of X as an asymptotically cylindrical special Lagrangian submanifold of M 
with the same asymptotic limit as Y is a smooth manifold whose dimension is 
given by the dimension of the image of T[^^{X) in H^{X) (which is equal to 
b‘^{X) -\- b^{X) — b^{X) — b^{Y) in dimension 3). The same is true in higher 
dimensions. 


6.2 Coassociative Calibration 

Let M be an asymptotically cylindrical 7-manifold with an asymptotically cyl¬ 
indrical G 2 -structure (p, let ip be the Hodge-dual of p, let M := x M, and 
let 9 denote the coordinate on the 5'^-factor. Then 

:= d9 A (p + ijj 

defines a Spin(7)-structure on M [HL82, Proposition 1.30 in Chapter IV]. The 
Spin(7)-structure (P is asymptotically cylindrical since p is asymptotically cyl¬ 
indrical. Furthermore, the Spin(7)-structure <P is torsion-free if the G 2 -struc- 
ture p is torsion-free. 

An orientable 4-dimensional submanifold Y of Af is called coassociative if 
i’lx = voljf for some orientation of Y. This is equivalent to = 0 [HL82, 
Corollary 1.20 in Chapter IV]. So Y is a coassociative submanifold of M if and 
only if Y := {1} x Y is a Cayley submanifold of M. 
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Proposition 43. Let M be an asymptotically cylindrical 7-manifold with an 
asymptotically cylindrical torsion-free G 2 -structure, and let X he an asymptot¬ 
ically cylindrical coassociative submanifold of M. Define M := x M and 
X := {1} X X. Furthermore, let Y he an asymptotically cylindrical local de¬ 
formation of X with the same asymptotic limit as X. 

If Y is a Cayley submanifold of M, then Y = {1} x Y for some asymp¬ 
totically cylindrical coassociative submanifold Y of M. So the moduli space of 
all local deformations of X as an asymptotically cylindrical Cayley submanifold 
of M with the same asymptotic limit as X can be identified with the moduli 
space of all local deformations of X as an asymptotically cylindrical coassociat¬ 
ive submanifold of M with the same asymptotic limit as X. 

Proof. Let tt: M = x M ^ M he the projection. If Z is an asymptotically 
cylindrical local deformation of X, then the volume of Zx := {z G Z: t < T} is 
greater than or equal to the volume of tt(Zt), and equality holds if and only if 
Zt is a submanifold of {p} x M for some p G S^. We have 

lim (vol({y GY:t<T})— vol({a; G X: t < T})) = 0 and 

T —^00 

lim (vol({i/ G {1} X 7 r(y): t <T}) — vol({a; G X: t < T})) > 0 

T—^OO 

by Proposition 10 with ip = <1, and hence 

lim (vol({j/ GY:t<T})— vol({i/ G {1} x 7r(y) '■ t <T})) < 0 . 

T^oo ' ' 


So F = {p} X Y for some p G and some submanifold F of M since vo^Ft) — 
vol( 7 r(Fr)) is increasing as T — >■ 00. We have p = 1 since F and X have the same 
asymptotic limit. Furthermore, F is an asymptotically cylindrical coassociative 
submanifold since F is an asymptotically cylindrical Cayley submanifold. □ 

Now suppose that M is an asymptotically cylindrical 7-manifold with cross- 
section N and with an asymptotically cylindrical torsion-free G 2 -structure, and 
that X is an asymptotically cylindrical coassociative submanifold of M with 
cross-section F. Define M := x M, N := x N, X := {1} x X, and 
F := {1} X F. Let 9 denote the coordinate on the S'^-factor. Then ^ is a 
non-trivial parallel section of vmX. So e{vMX, ^|y) = 0, and hence the index 
in this case is 


• . ^ 1 1 b^{Y)Yb\Y) 

indxD = ^X(X) - 2 ^(^)- 2 - 


( 68 ) 


by Proposition 21, where A > 0 is such that [—A, 0) contains no eigenvalue 
of B®''. 

Note that we have isomorphisms vmX = K^_X © X^X and E = TX, which 
come from taking the interior product with ip and the cross-product with 
Under these isomorphisms, the Dirac operator D is identified with 

D?.(X) ©D4(X) ^ D3(X), (a,/3) da + 5/3. (69) 
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The dimension of the kernel of this map is equal to the dimension of the negative 
subspace of the image of H^g{X) in H‘^{X). 

Joyce and Salur [JS05, Theorem 1.1] proved that the moduli space of all local 
deformations of X as an asymptotically cylindrical coassociative submanifold 
of M with the same asymptotic limit as X is a smooth manifold whose dimension 
is given by the dimension of the negative subspace of the image of H‘^^{X) in 
H'^{X). Note that they get the dimension of the positive subspace since they 
use a different convention for the Spin(7)-structure (not our convention (1)). 

Examples of asymptotically cylindrical coassociative submanifolds inside 
asymptotically cylindrical Riemannian 7-manifolds with holonomy G 2 were con¬ 
structed by Kovalev and Nordstrom in [KNIO, Section 5.3]. 

6.3 Complex Surfaces 

Recall from Section 6.1 that if M is an asymptotically cylindrical Calabi-Yau 
4-fold with Kahler form oj and holomorphic volume form 17, then (p := — ^wAw-l- 
Re 17 defines an asymptotically cylindrical torsion-free Spin(7)-structure on M. 

Furthermore, every complex surface in M is Cayley, but not every Cayley 
submanifold is a complex surface (for example, special Lagrangian submanifolds 
are also Cayley). 

Proposition 44. Let M he an asymptotically cylindrical Calabi-Yau A-fold, 
let X be an asymptotically cylindrical complex surface in M, and let Y be an 
asymptotically cylindrical local deformation of X with the same asymptotic limit 
as X. 

IfY is a Cayley submanifold of M, then Y is a complex surface in M. So 
the moduli space of all local deformations of X as an asymptotically cylindrical 
Cayley submanifold of M with the same asymptotic limit as X can be identi¬ 
fied with the moduli space of all local deformations of X as an asymptotically 
cylindrical complex surface in M with the same asymptotic limit as X. 

Proof. We have 

lim (vol({?/ GY: t <T}) — vol({a; G X: t < T})) = 0 

T->-oo' ' 

by Proposition 10 with ip = (L. So Proposition 10 with p = —^oj A u) implies 
that K is a complex surface. □ 

Now suppose that M is an asymptotically cylindrical Calabi-Yau 4-fold with 
cross-section N, and that X is an asymptotically cylindrical complex surface 
in M with cross-section Y. Assume that N = x D for some Calabi-Yau 
3-fold D. Then also Y = 5^ x C for some complex curve C in D. Write M and 
X for the compactihcations as in Remark 24. So M = M \ D and X = X \ C. 
Then x(Y) = x(Ar) — x(C') and a{X) = a{X) since is trivial. So the index 
in this case is 

indA D = ix(^) + - [X] . [X] - ^x(C) - i dime unC) (70) 
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by Proposition 23 and Remark 24, where A > 0 is such that [—A, 0) contains no 
eigenvalue of D. Note that here o'(X) refers to the orientation that is induced 
by the complex structure. 

6.4 Associative Calibration 

Recall from Section 6.2 that if M is an asymptotically cylindrical 7-manifold 
with an asymptotically cylindrical G 2 -structure (p, ip is the Hodge-dual of p, 
M := S^xM, and 6 denotes the coordinate on the S'^-factor, then <P := dt/Xp+'ip 
defines an asymptotically cylindrical Spin(7)-structure on M. Furthermore, the 
Spin(7)-structure is torsion-free if the G 2 -structure p is torsion-free. 

An orientable 3-dimensional submanifold X of M is called associative if 
p\x = voljf for some orientation of A. So A is an associative submanifold of M 
if and only if Af := x A is a Cayley submanifold of M. 

Proposition 45. Let M be an asymptotically cylindrical 7-manifold with an 
asymptotically cylindrical torsion-free G 2 -structure, and let A be an asymp¬ 
totically cylindrical associative submanifold of M. Define M := x M and 
X '■= X X. Furthermore, let Y be an asymptotically cylindrical local deform¬ 
ation of X with the same asymptotic limit as X. 

IfY is a Cayley submanifold of M, then Y = S^xY for some asymptotically 
cylindrical associative submanifold Y of M. So the moduli space of all local 
deformations of X as an asymptotically cylindrical Cayley submanifold of M 
with the same asymptotic limit as X can be identified with the moduli space of all 
local deformations of X as an asymptotically cylindrical associative submanifold 
of M with the same asymptotic limit as X. 

Proof. For p G let := P fl ({p} x M). Note that Yp is an asymptotically 
cylindrical submanifold of M for all p G as F is a local deformation of X. 
Then 

vol({y G F: t < T}) > j vo\{{y £ Y^te : t < T}) d9, 

Js^ 

and equality holds if and only if F = x Fi. Furthermore, 

lim (vol({p G Fp: t < T}) — vol({a: G A: t < T})) >0 

T —>-oo 

by Proposition 10 with p = p. Here we have equality if and only if Yp is 
associative. But 

lim (vol({p G F: t < T}) — vol({a; £ X: t < T})) = 0 

T->-oo' ' 

by Proposition 10 with p = <P. Hence we get equality in the above inequalities 
(noting that the difference in the first inequality is increasing as T —> oo). So 
F = X Fi, and Fi is an asymptotically cylindrical associative submanifold 
of M. □ 
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Now suppose that M is an asymptotically cylindrical 7-manifold with cross- 
section N and with an asymptotically cylindrical torsion-free G 2 -structure, and 
that X is an asymptotically cylindrical coassociative submanifold of M with 
cross-section Y. Define M := x M, N := x N, X := x X, and Y := 
X Y. Let 9 denote the coordinate on the S'^-factor. Then the cross-product 
with the parallel section ^ G r(TX) dehnes an isomorphism i^mX = E. Under 
this isomorphism, the Dirac operator D is self-adjoint. Furthermore, fV is a 
Calabi-Yau 3-fold and U is a complex curve. Hence 

mdxD =-]^dimcH°{Y,VfjY) (71) 

by [LM85, Theorem 7.4] and [CHNP12, Lemma 5.11], where A > 0 is such that 
[—A, 0) contains no eigenvalue of D. 
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